The motion of superfluid vortices in a neutron star crust is at the heart of most theories of pulsar glitches. Pinning of vortices to ions can decouple the superfluid from the crust and create a reservoir of angular momentum. Sudden large scale unpinning can lead to an observable glitch. In this paper we investigate the scattering of a free vortex off a pinning potential and calculate its mean free path, in order to assess whether unpinned vortices can skip multiple pinning sites and come close enough to their neighbours to trigger avalanches, or whether they simply hop from one pinning site to another giving rise to a more gradual creep. We find that there is a significant range of parameter space in which avalanches can be triggered, thus supporting the hypothesis that they may lie at the origin of pulsar glitches. For realistic values of the pinning force and superfluid drag parameters we find that avalanches are more likely in the higher density regions of the crust where pinning is stronger. Physical differences in stellar parameters, such as mass and temperature, may lead to a switch between creep-like motion and avalanches, explaining the different characteristics of glitching pulsars.
INTRODUCTION
At the high densities that characterise Neutron Star (NS) interiors, neutrons are expected to form Cooper pairs and become superfluid (Migdal 1959) . This has profound consequences for the dynamics of the system, as the neutrons couple weakly to the 'normal' part of the star. As the normal component of a magnetised NS spins down electromagnetically part of the superfluid may decouple from the bulk of the star and not spin down, building up a lag between itself and the normal component. If at this point the angular momentum stored in the superfluid component is released catastrophically, one has a sudden rise in the observed frequency of the pulsar, a 'glitch' (Anderson & Itoh 1975) .
Although the nature of the trigger mechanism for such glitches is not well understood, with hydrodynamical instabilities (Mastrano & Melatos 2005; Glampedakis & Andersson 2009) , crust-quakes (Ruderman 1969 ) and vortex avalanches (Cheng et al. 1988; Warszawski & Melatos 2011) all being candidates, the long timescales observed in the post-glitch relaxation in many systems provide strong evidence for a weakly coupled superfluid component (Baym et al. 1969) [see Haskell & Melatos (2015) for a recent review of glitch models]. Furthermore recent studies of glitch statistics in radio pulsars have revealed that most follow a power-law distribution for the sizes and an exponential for the waiting times, with only three systems showing a degree of quasi-periodicity in the waiting times, and a preferred size for the glitches [although note that the small number of events preclude strong statistical conclusions, and it has been claimed that the distribution of glitch sizes in the Crab pulsar deviates from a powerlaw at the lower end (Espinoza et al. 2014) ]. Power-law size and exponential waiting time distributions are typical of Self Organised Critical (SOC) systems, wherein stresses built up over time by a global driver relax intermittently via nearest neighbour interactions (Bak et al. 1987) . Warszawski & Melatos (2008 , 2013 , elaborating upon earlier suggestions by Cheng et al. (1988) and Alpar et al. (1996) , have proposed that if vortices are 'pinned' to lattice sites in the NS crust until a critical lag has built up, a SOC state can ensue. In this state the lag is close to the critical unpinning lag and, as a consequence of random fluctuations, vortices can unpin and knock on neighbouring vortices, causing avalanches and 'glitches'. This suggestion has been borne out by GrossPitaevskii simulations of pinned superfluid vortices in a decelerating trap (Warszawski & Melatos 2011 ).
The results of Warszawski & Melatos (2011) provide support for the idea that vortices in the NS crust are in a SOC state. However the simulations are carried out in a regime that describes a Bose-Einstein condensate under laboratory conditions, but is not ideal for NS conditions. Such a setup is unavoidable due to the numerical difficulties associated with carrying out a full scale NS simulation. Sev-eral differences exist between the systems, ranging from the strength and range of the interaction, which are not appropriate for describing a strongly interacting system such as neutrons at high density, to the size of the simulation and model for the pinning potential.
One of the main issues in bridging the gap between the laboratory and a NS is the relative distance between vortices and pinning sites. In most simulations performed to date the inter vortex spacing is at most ≈ 10 times the distance between pinning sites. In a NS, however, this is not the case. Pinning sites are separated by 10 −11 − 10 −10 cm, while vortices are spaced by roughly 10 −3 cm for a radio pulsar spinning at 10 Hz. It is thus natural to ask whether a vortex that unpins in a realistic NS setting would re-pin long before encountering another vortex, thus rendering 'knockon' effects (Warszawski & Melatos 2013 ) irrelevant for a real star. If so, vortices will gradually move out, or 'creep', hopping between adjacent pinning sites , and vortex avalanches due to knock-on would not be viable as a trigger mechanism for pulsar glitches.
It is thus imperative to understand these issues if we are to accurately describe vortex motion in a realistic neutron star background and understand if the different manifestations (and different statistics) of glitching pulsars all stem from one underlying mechanism. In this paper we study in detail the hopping motion of pinned vortices, and calculate the mean free path of a vortex in a 2-dimensional pinning potential, following the approach of Sedrakian (1995) . We also discuss the effects of vortex tension and bending, as 3-dimensional simulations by Link (2009) have shown that the self-energy of a vortex can have a strong impact on pinning; see also Tsubota (2009) for a review on the role of vortex tension and turbulence in laboratory superfluids. In section 2 we present the equations of motion for a vortex and discuss unpinning and the effects of curvature in section 3. In section 4 we discuss vortex-vortex interactions, and the mean free path of a vortex in the crust is calculated in section 5.
VORTEX MOTION

Zero tension
We begin by writing the equations of motion for a single vortex. Mathematically one can consider a superfluid vortex as a massless object and simply write an equation for force balance (see Baym & Chandler (1983) ; Chandler & Baym (1986) for a description of how to include an effective mass). It is important to note though that this is only a mathematical construction and that a vortex is not a material particle. The forces we write below are not localised; they are average forces acting on a suitably small volume around the vortex. With this in mind, the forces acting on a vortex will be the Magnus force,
a drag force, due e.g. to the dissipative part of the interaction of the with the pinning sites,
and the non-dissipative part of the interaction with the pinning site, i.e. the 'pinning' force Fi. The equation of motion for a vortex thus takes the form:
where v i L is the velocity of the vortex line, v i p is the velocity of the 'normal' crust fluid of protons and electrons, v i n is the velocity of the superfluid neutrons, ρn is the superfluid neutron mass density, R is the dimensionless drag parameter and we have F i = F i /ρnκ, with κ the quantum of circulation andκ i the unit vector along the vorticity , taken to be the z axis in the following. The term σi represents the 'elastic' contribution of the vortex array (see e.g. Haskell (2011) ), which derives from the fact that the local velocity field around the vortex will also depend on the positions of neighbouring vortices with respect to their equilibrium positions. We shall not consider σi in this first investigation of vortex motion past a pinning site, but shall discuss how it can be approximated in section 4.
In the core mutual friction is mainly due to electrons scattering off vortex cores magnetised by entrainment , which leads to a drag parameter of the form (Andersson et al. 2006) :
where m * p = mp(1 − εp) is the effective proton mass, one has δm * p = mp − m * p , and xp = ρp/ρ is the proton fraction. In the crust, where electron scattering does not act, as protons are not superconducting, dissipation proceeds mainly via phonon interactions (Jones 1990) or, for larger vortex velocities, via Kelvin waves excited along the vortices themselves (Jones 1992; Epstein & Baym 1992) . The values of the crust's dissipation coefficients are, however, quite uncertain. They are likely to be low, 10 −9 < R < 10 −7 for phonon scattering, while kelvon processes are strongly dissipative, with R ≈ 1 . If the protons in the outer core of the neutron star are in a type II superconducting state, additional damping can come from vortices cutting through flux tubes, a strongly dissipative process which leads to R ≈ 10 −3 , although in this case the drag coefficient is actually dependent on the velocity of the vortices (Link 2003; Haskell et al. 2014) .
It is also important to note that for large velocities, vortices are likely to form a turbulent tangle, which will also change the form of the mutual friction force (Peralta et al. 2006; Melatos & Peralta 2007; Andersson et al. 2007 ). An investigation of the problem in this case is beyond the scope of the current analysis. It should be the focus of future work, as it is likely to lead to quantitative and qualitative differences in the dynamics of the system. We also neglect the effect of the Bernoulli force due to the interaction of the superfluid flow around a vortex with ions in the crust. This interaction leads to additional repulsion between vortices and pinning sites, and will affect the estimates below for the velocity for a free vortex Epstein & Baym 1988) . Although this effect is crucial for a correct description of vortex creep, it is, however, unlikely to strongly affect our results for re-pinning, which depend mainly on vortex motion inside the pinning potential.
From equation (3), the velocity of a vortex will be (An-
In the frame co-moving with the crust (v i p = 0) this takes the form:
We see immediately that a free straight vortex (i.e. outside the range of the potential) is forced to move mostly with the background neutron flow, with its velocity component along the flow (i.e. along v n ) being:
and the component perpendicular to the flow being:
and
with
Including tension
A vortex has a large self energy due to the kinetic energy of the flow around a curved segment of the vortex itself (Thomson 1880; Fetter et al. 1967) . Curvature introduces additional contributions to the neutron momentum, resulting in additional components of the neutron and proton velocities of the form (Andersson et al. 2007) :
where εn is the entrainment coefficient, a is the inter vortex spacing, ξ the coherence length associated with the vortex core, and one has (Andersson et al. 2007 )
which for the range of periods we are interested in (tens of milliseconds to seconds) is essentially a constant. We also define:
In the crust, where one expects small proton fractions (xp 1) and strong neutron entrainment [εn ≈ 10 (Chamel 2012)] one has
so that in the crust one has γn ≈ γp ≈ 1. To account for vortex curvature and tension it is thus sufficient to add the contributions in (13) and (14) to the general flows in (5)-(8).
3 VORTEX UNPINNING
Zero curvature
Let us now focus on the special case of a vortex that is already pinned in the potential, and examine first of all the case of straight vortices. We consider a parabolic pinning potential Up with range Rrange, and take the background superfluid flow to be along the y axis, with z the rotation axis. One then has:
and the pinning force F i p = −∇ i Up takes the form
where A is a constant that describes the strength of the interaction, r i is the position vector and r i 0 is the position of the pinning site, which for simplicity we shall take at the origin in the following, i.e. r i 0 = 0. Note that in the following we shall be dealing with a force per unit length acting on an (infinitely) long straight vortex, so that U has units of g s −2 cm −1 . We are assuming the vortex is straight and infinitely long, so the general solution of equation (3) for the vortex position in the x − y plane is:
which are damped oscillations with a constant offset due to the Magnus force, with C1 and C2 constants. Note that A = A/(ρnκ). Let us start by examining when a vortex originally at rest in the potential will unpin. In the absence of oscillations the condition is simply that the equilibrium position of the vortex be outside the potential range, i.e. that
Oscillations can, however, unpin a vortex before this threshold. Consider the case of a vortex originally at the centre of a potential, subject to an impulsive increase in the back-
In this case one has
If R 1 and the damping is weak, the distance from the centre of the potential, R, oscillates with time and takes the form:
so that oscillations can unpin the vortex (i.e. lead to R > Rrange) for
We remind the reader once again that the result in (31) only holds if the damping timescale is longer than the period of the oscillations. The latter condition, 2πR << 1, is generally satisfied for standard mutual friction mechanisms in the core [e.g. electron scattering off vortex cores ], but may not be satisfied if Kelvin waves are excited as vortices move past nuclear clusters (Jones 1992) . We shall discuss this in more detail in the following section and derive a more general condition for unpinning in the presence of mutual friction. Note that in the case of strong damping, the condition for unpinning is simply |Vy/A| > Rrange, as in (27).
Vortex curvature
In the previous sections we have considered the motion of a straight vortex. It is however well known that tension plays an important role in vortex pinning, as a vortex can lower its energy by bending to intersect pinning bonds (Link 2009 ). The tension essentially sets the length-scale over which a vortex can be considered straight, with more rigid (i.e. longer) vortices leading to weaker pinning forces, as the difference in energy between different vortex/lattice configurations decreases (Jones 1991; Seveso et al. 2014) . One can estimate the length scale over which a vortex remains straight by calculating when it is energetically favourable for a vortex to bend to pin to a nucleus. One thus has to compare the energy cost of bending over a certain distance L to the energy gain of pinning to an additional nucleus at a distance RWS (approximately the Wigner Seitz radius). This leads to (Hirasawa & Shibazaki 2001; Seveso et al. 2014) :
where Ep ≈ 1 MeV is the pinning energy and the tension Tse = ρnκν log (a/ξ) ≈ 20 MeV/fm in the higher density regions (ρ ≈ 10 14 g/cm 3 ) of the crust (Jones 1991; Andersson et al. 2007 ). In the lower density regions (ρ ≈ 10 12 g/cm 3 ) one has Tse ≈ 1 MeV/fm, and vortices remain rigid on shorter length scales. This should not be confused with the average distance between physical pinning sites obtained by Link & Cutler (2002) , but should rather be compared to the length scale over which a vortex unpins in the formulation of Link (2014) .
A hydrodynamical analysis confirms the estimate in (32). We show in Appendix A that a vortex can bend to unpin over a length-scale
which, if we assume that Rrange ≈ RWS and approximate the critical velocity as
3 RWS in the deep crust as estimated from energetics in (32).
In practice we expect the system to self-adjust to always be close to the critical unpinning threshold, and small variations in pinning strength and thermal unpinning rates are likely to influence the unpinning process (Melatos & Warszawski 2009 ).
The general picture we adopt is thus that a vortex that unpins over a length scale L ≈ T R 2 WS /Ep, and subsequently moves freely with the background flow, unzipping as it moves out, until it repins. The main effect of the tension is to set the length-scale over which the vortex unpins and effectively renormalise the strength of the pinning interaction (Link 2009; Seveso et al. 2014 ). Luckily we will see that our results depend only weakly on the exact value of the pinning force. When required we will use the values calculated by Seveso et al. (2014) who account for the reduction of the pinning force due to the finite rigidity of vortices.
VORTEX LATTICE FORCES
In a neutron superfluid vortices (in the absence of pinning) are expected to form a triangular lattice that maximises the distance between each vortex, thus minimising vortex-vortex interactions due to the irrotational flow around a vortex core. In the presence of pinning the distribution of vortices may deviate from such a lattice, but we will assume that the high relative abundance of pinning sites with respect to vortices always allows for the creation of a triangular vortex lattice.
In their equilibrium positions in the lattice vortices are exposed to the average background flow generated by all other vortices. Displacements from the equilibrium position will move a vortex closer to one of its neighbours, and there will be an additional local contribution to the velocity field from the irrotational flow around its axis.
For small displacements from the equilibrium lattice position we can regard the vortices as connected by springs, such that the force per unit length between acting on a vortex a is:
with r ba = r b − ra and a, b label the vortices, r 0,ab the equilibrium separation between them (which we take to be the Feynman distance) and the elastic constant K such that K = 4µ/ √ 3 (Lee 1990 ), where µ is the shear modulus of a vortex array (Baym & Chandler 1983 ):
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The term σi in (3) thus takes the form:
This form of the interaction is appropriate for the description of small oscillations around the equilibrium position of a vortex in the lattice, 'Tkachenko' waves, which may have observable consequences in radio pulsars (Haskell 2011) . If, however, a vortex can unpin and move a distance comparable to the inter-vortex spacing a, the 'elastic' description breaks down. In this case we can estimate the contribution of the nearest neighbours to the force acting on a vortex by considering a simple hexagonal cell in which the vortex is displaced in the y direction (aligned with the background flow) by an amount ∆l, as in figure 1. We remind the reader that we are assuming that pinning sites are abundant enough to allow for vortices to organise in a triangular lattice without disruption.
If a vortex is displaced from its equilibrium position there will be a perturbation in the superfluid velocity field and thus in the Magnus force acting on all other vortices. For simplicity in the following we shall analyse the velocity perturbation and compare it to the background flow. Given that the Magnus force scales linearly with the velocity of the superfluid flow past a vortex (see eq. 1), this is equivalent to studying when the additional contribution to the Magnus force acting on a vortex becomes comparable to the Magnus force due to the background flow. For ∆l/a < 1 the additional contribution ∆v to the background superfluid velocity V n i from the displacement is simply:
where we have taken a f ≈ 4 × 10 −3 / (f r /10 Hz) cm, with f r the rotation frequency in Hz. In order to understand the relevance of this perturbation to the dynamics of vortices in the crust we must compare it to typical critical velocities for unpinning, which are in the range Vcr ≈ 10 2 − 10 4 cm/s (Seveso et al. 2012) . As the system self adjusts to remain close to the unpinning threshold, we can expect the average condensate velocity to settle close to the critical unpinning velocity, with (Vcr − V n )/Vcr ≈ 0.001 − 0.01, depending on the temperature of the star and the local pinning strength ). In conclusion the perturbation to the Magnus force acting on a vortex could be sizeable compared to the background value, given that the system will be close to the critical unpinning threshold, and we expect:
Given the results above, in the following we will thus use ∆l/a ≈ 1 as our criterion to decide whether avalanches can propagate or not. Nevertheless one should keep in mind that, as we can see from equation (38), vortex avalanches could also propagate for ∆l a if the system is very close to the critical unpinning threshold (Warszawski & Melatos 2013; Warszawski et al. 2012) .
In the previous discussion we have considered a vortex that moves a distance ∆l and unpins a neighbouring vortex, leading to a knock on effect. It is important to note, however, that together with this forward propagating avalanche, one can have a backward propagating avalanche due to the � Figure 1 . A schematic representation of the displacement of a vortex from its equilibrium position in an Abrikosov lattice. The equilibrium inter-vortex spacing is a and the vortex is displaced a distance ∆l, thus moving closer to other vortices and perturbing the Magnus force, as described in the text. Figure 2 . A schematic representation of the 'suction' effect, in which a vortex has escaped it's equilibrium position in an Abrikosov lattice, with equilibrium inter-vortex spacing a. This perturbs the Magnus force acting on the remaining vortices, possibly unpinning them and leading to a backward (i.e. uphill with respect to the flow) propagating avalanche seeking to fill the hole.
�
'suction' effect. Consider the situation in figure 2 in which a vortex has broken free and moved away, leaving a gap in the array. The contributions from the Magnus force acting on the central vortex are no longer balanced, leading to a net velocity perturbation ∆v ≈ κ a ≈ −0.1 ν 10 Hz
which, as discussed before, can be significant compared to the background flow. In fact Gross Pitaevskii and N-body simulations of vortex motion reveal that backward propagating avalanches due to the suction effect are key drivers of vortex unpinning, also for ∆l < a .
VORTEX RE-PINNING
We have seen in section 3.2 that a vortex unpins over a length scale L, and then, if the system is close to the unpinning threshold (as one would expect from a self-organised critical system), it moves essentially freely with the flow, with tension renormalising the unpinning threshold. The main question to address now is whether the vortex will re-pin immediately, or whether it is generally free to move past enough pinning sites that it can get close enough to other vortices to trigger an avalanche. Let us simplify the problem by considering a free, straight, vortex in the x − y plane, entering the range of a pinning potential. It is very important to note that this 2-dimensional potential describes the change in energy of adjacent configurations of a rigid vortex, which will differ by the number of intersected nuclei, and is not the pinning potential due to individual pinning sites. In fact a rigid vortex which is straight on a length scale L RW S will always intersect a number of nuclei as it moves, and pinned configurations will be those in which more nuclei are intersected (Seveso et al. 2014) . The potential will thus depend on the shape of the crystal lattice, but also crucially on vortex orientation and rigidity, and is thus likely to resemble a random potential even in the presence of a regular lattice.
For such a potential quantum tunnelling to adjacent configurations is disfavoured, as the probability decreases exponentially as the distance between pinned configurations increases, and is small compared to the probability of thermal unpinning at a few coherence radii (Auerbach et al. 2006; Fialko et al. 2012) . For vortices that can be considered 'rigid' on length scales L ≈ 100 − 1000RWS, adjacent configurations are separated by approximately 10-100 coherence lengths (Seveso et al. 2014 ), so we shall not consider the small probability of tunnelling [see Link et al. (1993) for an in-depth discussion], but rather consider the vortex as a classical object as in Link (2014) , and calculate its repinning cross section.
Single-vortex motion
Let us consider a vortex entering the range of the potential at a position (R0 cos θ, R0 sin θ) in the plane. The solution for its subsequent motion is
The first thing to note is that if the condition in (27) is satisfied the vortex will necessarily unpin again (i.e. return outside the range of the pinning potential) after oscillating . Trajectory of a vortex initially at the edge of the potential (x 2 + y 2 = 1) for varying impact angle. We have taken Rrange = 1. We consider relatively strong damping with R = 0.3 and a background flow along the y axes, with V n y /A = Rrange/2. We see that for our choice of reasonably strong mutual friction there is a range of impact angles (θ > 5π/4) in the lower quadrant for which a vortex cannot make it back out of the potential and is forced to re-pin, eventually settling down at its equilibrium position at x = Rrange/2. in the potential, regardless of the damping strength R. This is to be expected as, given its vanishing inertia, the motion of the vortex is entirely determined by its position (it instantaneously adapts to force balance). Mathematically this can be seen in the fact that we are solving a first order differential equation, rather than a second order one, so there is only one constant to set (i.e. the initial position), as opposed to a standard scattering problem which has two constants (e.g. the impact parameter and the velocity of the particle).
However, even if the system is below the unpinning threshold in (27), in the absence of damping a vortex will always oscillate out of the pinning potential with exit angle φND = 2π − θ after a time tND = 2α/ω, where
Even for very small values of the background flow there will be no repinning, which is essentially the conclusion of Sedrakian (1995), who also studied re-pinning of straight vortices in 2D.
In the presence of weak damping, i.e. R 1, we can approximate the exit angle φ and exit time t as φ = φND+δφ Figure 3 . Mean free path λ (normalised to the inter-vortex spacing a) of a vortex before re-pinning, for varying mutual friction parameter R, and for different values of ∆ = (V C − V n y )/V C . In the left panel the strength of the mutual friction is the same both inside and outside of the range of the potential, while in the right panel we have assumed that there is no damping outside the range of the potential, for r > Rrange. We can see that if mutual friction is the same everywhere (left panel) avalanches can propagate for ∆ 0.05 for most values of R 1. If damping is weak outside the range of the potential (right panel) avalanches can only propagate for weak values of the mutual friction parameter. This somewhat counter-intuitive result is due to the fact that mutual friction also restricts the range of impact angles, as described in the text. and t = tND + δt, which leads to:
There is a range of impact angles close to θ = 0 for which escape is no longer possible, an example of which can be seen by the plot of the trajectories in figure 4 for R = 0.3. The range of impact angles for which the vortex re-pins depends strongly on the mutual friction parameter R through (44) and (45), as does the range of impact angles that are possible, as a free vortex between pinning sites travels at an angle θ d = tan −1 (R) with the y axis, as can be seen from equations 9 and 11.
Two scenarios are possible: either the mutual friction strength R is the same everywhere, or else the value of R for r < Rrange (i.e. inside the range of the pinning potential) is much stronger, as Kelvin waves are excited as the vortex moves past the nuclei and bends to adapt to a pinned configuration (Link 2009 ) [although it is also possible that in this case vortices will also form a tangle (Melatos & Peralta 2007; Andersson et al. 2007) ]. Note that this is only the local drag acting on the vortex. The overall value of the Mutual Friction parameter R, on a macroscopic hydrodynamical scale, depends also on the number of free vortices one averages over to obtain a hydrodynamical description of the superfluid, i.e. there is an effective dragR = γR, with γ the fraction of vortices that are free. If most vortices are pinned the overall drag can be quite low (γ 1), leading to long coupling timescales for the superfluid and the crust, even though locally a vortex experiences strong damping (Jahan-Miri 2006; Haskell et al. 2012) .
Effective cross-section
We compute the re-pinning cross section σ by numerically solving equations (41) for the range of impact angles θ for which re-pinning is possible. We then compute the mean free path of a vortex, calculated as
where np is the number of pinning sites per unit volume, assumed to be cylindrically symmetric and regularly spaced by 2Rrange. Unless otherwise stated, we assume that Rrange = 100 fm. This approach is justified if successive encounters between a pinning site and a vortex are uncorrelated. In a periodic pinning lattice correlations arise; in Appendix B we show that in this case vortices span the whole range of entry and exit angles as they 'hop' between pinning sites. The pinning potential in a neutron star is likely to resemble a random potential, both due to physical irregularities in the crust (Jones 1999; Kobyakov & Pethick 2014 ) and due to the random orientations of the vortex with respect to the lattice (Seveso et al. 2014) . In this case long range correlations are less likely.
The results depend on three parameters: the impact angle θ (whose range depends on the mutual friction strength outside the pinning potential), the ratio V n y /ARrange, which quantifies how close the system is to the critical unpinning velocity, and R the strength of the mutual friction inside the pinning potential.
How close the global hydrodynamical system can come to the unpinning threshold will depend on the vortex motion itself, and in general can only be determined by running large scale Gross-Pitaevskii simulations such as those in Warszawski & Melatos (2011) . In the following we will thus simply treat V n y /ARrange as a parameter. In order to obtain an estimate of this parameter we can, however, estimate how efficient vortex creep is at removing vorticity and locking the two fluids together. At high temperature many vortices will unpin and 'creep' out, leading to a high fraction γ of vortices that are free on average (although note that the majority of vortices will still remain pinned). This could give rise to a strong enough effective dragR = γR to allow the superfluid to spin down together with the crust. The overall lag of the fluid region will thus be fixed well below the critical unpinning threshold and we may expect vortices to trickle out gradually. If, on the other hand, creep is inefficient most vortices are pinned and the effective drag will be low. It cannot stop the fluid from getting globally very close to the global threshold for unpinning and then the superfluid will expel vorticity by means of discrete 'avalanche' events (Warszawski & Melatos 2013) . Essentially there are two ways that the superfluid can follow the spin-down of the crust: either a high unpinning rate (due for example to thermal fluctuations) leads to vortices gradually moving out via many small events (vortex creep), or one has a low unpinning rate and large avalanches. The spin down rateΩn of a pinned superfluid coupled to the normal fluid can be approximated as:Ω n ≈ γ2Ωn
where ∆Ωcr is the critical lag Ωp − Ωn for unpinning and
T is the temperature in the inner crust and Ea is the activation energy for unpinning (Link & Epstein 1991) , which in the following we take to be approximately the pinning energy, so that Ea = Ep ≈ 1 MeV. In order for the timeaverage lag to be stationary one must have:
Ωn =Ωp =ΩO (49) whereΩO is the observed spin-down rate. For typical parameters of glitching pulsars (ΩO = −10 −10 s −2 , Ω = 100 s −1 , Ep = 1 MeV, ∆Ωcr = 10 −3 rad/s) one has that for hotter stars (T = 10 8 K) already for (∆Ωcr − ∆Ω)/∆Ωcr) < 0.01 the creep rate is high, i.e. γ ≈ 1, and the condition on the drag for the two fluids to be coupled can be obtain be combining equations (47) and (49), and is R 10 −9 . The values of R in the crust are highly uncertain, but as can be seen from the estimates in table 1, this condition should be satisfied in lower density regions of the crust. For colder pulsars (T = 10 7 K), on the other hand, even for (∆Ωcr − ∆Ω)/∆Ωcr) ≈ 0.01 the creep rate is low and one has the condition R 10 −5 which may not be satisfied if Table 1 . Fiducial values of the density ρ, range of the pining potential Rrange, Kelvon drag parameter R K , mutual friction parameter B K = R K /(1 + R 2 K ) and phonon mutual friction parameter B P = R P /(1 + R 2 P ) ≈ R P , for five regions of the crust from Negele & Vautherin (1973) and Seveso et al. (2012 Seveso et al. ( , 2014 the main mutual friction mechanism in the crust, for slow vortex motion, is coupling to phonon excitations of the lattice. Creep will then be ineffective and the lag will increase to (∆Ωcr − ∆Ω)/∆Ωcr ≈ 10 −3 before one has γ ≈ 1 and creep can become effective again. However, even if γ ≈ 1 the lower estimates of the mutual friction strength in table 1 suggests that there may be regions in the crust in which creep cannot lead to a strong enough coupling and the superfluid always needs to expel vorticity via discrete avalanches. A better understanding of mutual friction mechanisms in the crust is thus imperative in order to understand to what extent vortex-vortex interactions can affect the dynamics of the star.
Let us stress again, however, that those presented above are simply estimates and our approach cannot determine (∆Ωcr − ∆Ω)/∆Ωcr), which in the following will we treat simply as a parameter. We calculate the cross section for the case in which the background flow is 30% less than the global critical velocity in (27), and also examine the cases in which the background flow it is 5% , 1% and 0.1% less than the critical velocity.
The results of our calculations are shown in figure 3 , where we plot the ratio λ/a of the mean free path to the inter-vortex spacing as a function of R. For ease of presentation, and given that it does not make a difference for our criterion for avalanches, we cutoff our results at λ/a = 1, although the mean free path in some cases is much larger than the inter vortex separation. The first thing to note is that if R 1 vortices repin immediately. This is mainly because the period of oscillations is proportional to 1 + R 2 , while the damping timescale is proportional to 1/B = (1+R 2 )/R. For large values of R 1 the damping timescale is thus much shorter than the oscillation timescale, and the vortex does not have time to complete an oscillation around the pinning centre before it stops moving.
In the case R 1 we see that there can be a significant difference between the two damping scenarios we consider. If the mutual friction is the same both outside and inside the pinning potential range, then there is a vast range of mutual friction strengths for which the mean free path is greater than the inter-vortex spacing, already if the background flow is 5% less than the critical unpinning threshold. Once the difference is less than 1% vortices are essentially always able Figure 5 . Mean free path λ (normalised to the inter-vortex spacing a) of a vortex before repinning, for varying mutual friction parameter R, and for different values of ∆ = (V C − V n y )/V C . We see that for weak drag avalanches are possible even for large ∆, i.e. even if the system is far from the mean unpinning threshold.
to move close to each other and cause avalanches. Things however change drastically if we assume that mutual friction is much weaker outside the pinning potential. From figure 3 we see that if R = 0 outside the pinning range then repinning becomes much more likely and avalanches are only possible for very weak drag parameters (R 10 −6 ) or if (VC − V n y )/VC 0.001. In the case of very weak damping (R 10 −8 ), in fact, one always has λ ≈ a, even for unpinning at background neutron velocities Vn an order of magnitude lower than the global critical unpinning velocity, as can be seen in figure  5 . It is thus plausible that even vortices that unpin from weaker pinning sites well below the critical threshold could trigger an avalanche, if they are moving too slowly to excite Kelvin waves and are subject to weak drag.
The value of R in a NS crust is poorly known. However, to get a qualitative idea of what kind of dynamics to expect in a realistic neutron star we calculate the mean free path for the values of R due to Kelvon drag calculated by Haskell et al. (2012) , following the prescription of Jones (1992) , which are given in table 1. As can be seen from tables 2 and 3 most vortices in the lower density regions of the crust will repin to adjacent pinning sites, due to the strong damping and the abundance of free sites. In the higher density regions, however, vortices can move a considerable fraction of the inter vortex spacing before repinning. In fact in region 5, the highest density region in the table, the mean free path is formally the size of the system, due to the weak damping.
Depending on models for the pairing gap of superfluid neutrons used in calculations, the maximum of the pinning force acting on the vortices will occur between regions 3 and 4. Re-pinning in the inner regions (4 and 5) will then be more likely than we estimate in tables 2 and 3, as vortices moving out will encounter a generally increasing pinning potential as they approach the maximum of the pinning force (Seveso et al. 2014 (Seveso et al. , 2012 , thus decreasing the mean free path. The potential, however, varies over a much longer length scale than the inter vortex spacing and the mean free path, so we ignore this effect in the current calculation.
CONCLUSIONS
In this paper we have calculated the mean free path of a superfluid neutron vortex as it scatters off pinning sites in the crust of a neutron star, to assess the viability of vortex avalanches as a trigger mechanism for pulsar glitches. This is a crucial point as Gross-Pitaevskii simulations of a pinned Bose-Einstein condensate in a decelerating trap show that the system settles down in a self organised critical state, in which the superfluid spins down by a series of discrete vortex avalanches (Warszawski & Melatos 2013 ). This paradigm naturally explains why the distribution of glitch sizes in most pulsars is well approximated by a power-law ). However, due to computational limitations, vortices are separated by tens of pinning sites in a typical Gross-Pitaevskii simulation, compared to 10 10 pinning sites in a realistic neutron star crust. It is thus natural to ask whether a vortex avalanche would be possible in a realistic setting or whether, given the large number of free pinning sites available, a vortex would always re-pin before being able to move close to its neighbours, leading to a much more gradual, creep like, expulsion of vorticity. In fact thermally activated creep is likely to play an important role in the dynamics of a superfluid neutron star Link 2014) , and theories based on vortex creep have been successful in interpreting the post-glitch dynamics of many pulsars [see Haskell & Melatos (2015) for a review of glitch relaxation models]. It is important to note that avalanches can also be driven by acoustic knock-on effects (Warszawski et al. 2012) . In this paper we do not consider this effect but only investigate avalanches due to proximity-knock on effects.
We solve the equations of motion for a rigid vortex in a two-dimensional parabolic pinning potential, subject to mutual friction. We also consider the effect of bending and vortex tension and find that it alters the critical threshold for unpinning and sets the length-scale over which a vortex can remain rigid, with more rigid vortices being subject to weaker pinning forces (Link 2009; Seveso et al. 2014) . Tension could thus play a role in re-pinning, as already noted by Link (2009) . Full three dimensional simulations are the natural next step to understand its impact in detail. It is important to note that, however, the dynamics are insensitive to the exact value of the unpinning threshold. Rather, they are governed by how close the system is to the critical threshold, the strength of the mutual friction (parametrised by R) and the initial position of the vortex in the pinning potential.
The main conclusion of this work is that there is a large section of parameter space where the mean free path of a vortex is larger than the typical vortex separation, and vortex-vortex interactions are possible, leading to proximity knock-on and avalanches. The main parameters that control Table 2 . Mean free path λ, normalised to the inter-vortex spacing a, for the regions described in table 1 and external mutual friction parameter Rext = 0. We see that in this case for all values of ∆ = (V C − V n y )/V C vortex avalanches are unlikely in all but the highest density regions, in which the mean free path is formally the size of the system due to weak pinning and drag. Table 3 . Mean free path λ, normalised to the inter-vortex spacing a, for the regions described in table 1 and for Rext = R int , i.e. equal mutual friction strength inside and outside the range of the potential. In this case avalanches appear possible in regions 2, 4 and 5 for values of ∆ = (V C − V n y )/V C 0.01.
the process are how close the system can come to the critical unpinning threshold, parametrised by ∆ = (VC − V n y )/VC and the strength of the mutual friction, parametrised by the dimensionless drag parameter R. There is significant uncertainty regarding the exact value of R in the crust. If vortex motion past pinning centres can excite Kelvin waves the drag is likely to be quite strong, with values of R ≈ 1, while if vortex motion is slow the interaction is likely to proceed via interactions with sound waves in the lattice, leading to drag parameters as low as R ≈ 10 −10 (Jones 1990; Haskell et al. 2012) . In general for weak drag vortices can always move far and give rise to avalanches. For stronger drag this depends critically on ∆, i.e. on how close the system can get to the critical unpinning threshold. If thermal creep is highly efficient, as we could expect in younger, hotter stars, vortices randomly hopping to adjacent pinning sites may be able to spin the star down fast enough to maintain a large value of ∆, and avalanches are not possible. However if creep is inefficient, which may be the case for colder stars, and if the superfluid drag is indeed weak (R ≈ 10 −10 ), the superfluid cannot spin-down fast enough and therefore must expel vorticity via discrete avalanche events. We find that even for relatively strong damping (10 −5 R 1) avalanches are possible once ∆ 0.05 (i.e. once the lag is less than approximately 5% of the critical lag), if the vortex is subject to the same drag inside and outside of the range of the pinning potential. Somewhat counter-intuitively the situation is worse if the drag is much weaker outside the pinning potential. In this case avalanches are only possible if the lag is less than approximately 0.1% of the critical lag. Given that the parameters controlling repinning depend on temperature and density, it is possible that the same star can switch from being in a self organised critical state and expelling vorticity via avalanches, to a creep state in which voracity is expelled gradually. For example, as a star ages and cools, thermal creep becomes less efficient, decreasing ∆ and increasing the probability of system spanning avalanches and large glitches. In fact we use micro physically motivated values for the drag parameter R and pinning force, obtained from Haskell et al. (2012) , and show that avalanches are more likely in the higher density regions of the crust, which are the regions in which the pinning force is strongest. It is thus possible that physical differences between neutron stars, such as differences in mass and temperature, may explain the different glitching behaviours observed in the pulsar population.
The mean free path calculation in this paper assumes that ∆ is determined exogenously and is uniform over the microscopic scales of interest. In reality, however, ∆ is determined endogenously by the vortex motion itself. For example, if it is relatively high somewhere in the crust, vortices tend to pin preferentially near that location, increasing ∆ locally in order to maintain Vy/A near the unpinning threshold. In other words, the system continually self-adjusts to 'erase' underlying 'bumps' in the pinning landscape and preserve a state of marginal stability. Such SOC behaviour is analogous to a driven sandpile fluctuating about its critical slope. It is known to create long-range correlations in the system, which lead to power-law statistics for avalanche sizes and make system-spanning avalanches geometrically rather than exponentially rare (Jensen 1998) . Long-range correlations in the variable ∆ (or equivalently Vy/A) affect the repinning mean free path greatly. We do not include them in our calculation of λ because we are not aware of an analytic method for doing so, short of re-running the GrossPitaevskii simulations in Warszawski & Melatos (2011) in a much larger box. Hence our results for λ do not apply reliably in the regime λ a, as noticed previously (hence the cut-off at λ = a that we have adopted). However the results are valid for λ a, because the self-adjustment process is mediated by vortex motion and occurs on the inter-vortex scale a, not the inter-pinning-site scale. Hence our calculation of λ is adequate for answering whether a vortex moves far enough before repinning to knock on its neighbour: the aim of this paper. 
APPENDIX A: CURVED VORTICES
Consider a pinned vortex that bends to free itself from one pinning bond. We take the same setup as previously, with the background neutron velocity in the y direction. If the vortex moves out in the x direction prior to unpinning, it will take approximately the shape of an ellipse in the x − z plane. This configuration is shown in figure A1 , where b is the semi-minor axis (and we assume that the vortex is at the edge of the range of the pinning potential), and L is the semi-major axis, the length scale over which the vortex bends in the z direction, which in this first example will be the distance to the next pinning site. For simplicity we neglect the effect of Mutual Friction in this section. The equations of motion for the vortex, from section 2.2, take the form:
where we have indicated as V n i the background superfluid neutron velocity (without the curvature induced contributions), and in the following we shall take γn = 1. Given that ki has components only in the x − z plane it is sufficient to consider the vortex line velocity in the x direction: 
We can see from equation (A3) that the tension acts in the same direction as the pinning force and tends to maintain the vortex straight. We can interpret this as a renormalisation of the strength of the pinning force, and define an effective pinning force:
The effective critical velocityVcT for unpinning with tension, compared to the critical velocity Vcr in the absence of tension, is thusV
The first thing to note is that bending (and consequently unpinning) over the length scale of a single pinning site is prohibited by the tension, that in the case L = Rrange increases the effective pinning forceFi by several orders of magnitude, leading to critical velocities of the order ofVcT ≈ 10 8 cm/s, far greater than what is achievable in a neutron star. From equation (A6) we see that the critical velocity has a minimum in L, for a given pinning energy, i.e. for a fixed A or equivalently fixed Vcr. We can estimate that bending to unpin is possible (i.e. the tension will no longer tend to keep the vortex pinned and increase the critical unpinning velocity) if it occurs over length scales
For Rrange ≈ RWS, and if we approximate the critical velocity as V Figure A1 . An out of scale representation of a curved vortex, pinned at its extrema, that has been displaced out of a pinning site at the origin along the y axis by a distance b, over a length scale L. In a realistic neutron star one has L b and many more pinning sites, as discussed in the text. We approximate the configuration as an ellipse (Sonin & Horovitz 1995) . Red dots along the z axis represent (out of scale) pinning sites at the extrema of the vortex. The dashed circle represents the extent of the pinning potential. We assume that a vortex has just moved out of the potential, at a distance b from the origin.
(T RWS)/Ep ≈ 10 3 RWS in the deep crust as estimated from energetics in (32).
APPENDIX B: ORDERED LATTICE
Consider the case of an ordered square lattice, with pinning sites a distance ξRrange apart, where ξ is a constant, and with the same pinning potential at every site. Given an initial entry angle θ of a vortex in a pinning site, we can calculate the exit angle of the vortex from 41 and then calculate the trajectory of the free vortex from (9)-(11), to determine when it re-enters the range of at the pinning potential of an adjacent site, i.e. the updated angle θ.
Successive encounters are, naturally, correlated and the behaviour of the system is deterministic. For background flows far from the critical unpinning velocity (e.g. for a ratio Vy/A Rrange/2) we find that in general the vortex repins after ≈ R encounters. Closer to the critical unpinning velocity, however, we find several entry angles for which the vortex never repins, but rather can 'hop' from one pinning site to the next, spanning the entire range of entry angles periodically. We show an example in figure B1 , where we plot the re-entry angles of the vortex for each encounter for R = 0.5, ξ = 2 and Vy/A = 0.99Rrange. We see that the vortex will never repin as the allowed range of angles Entry angle (rads) Figure B1 . Re-entry angles θ of a vortex for repeated encounters with pinning sites in a square lattice, for R = 0.5, ξ = 2 and Vy/A = 0.99Rrange. We see that all the possible range of reentry angles π − θ d < θ < 2π − θ d is scanned periodically and the vortex never repins.
